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1. Introduction and preliminaries
In 1940, S.M. Ulam [9] suggested the stability problem of functional equations concerning the stability of group homo-
morphisms as follows: Let (G,◦) be a group and let (H, ,d) be a metric group with the metric d(·,·). Given ε > 0, does there exist
a δ = δ(ε) > 0 such that if a mapping f : G → H satisﬁes the inequality
d
(
f (x ◦ y), f (x)  f (y))< δ
for all x, y ∈ G , then a homomorphism F : G → H exits with
d
(
f (x), F (x)
)
< ε
for all x ∈ G?
In the next year, D.H. Hyers [7] gave a ﬁrst (partial) aﬃrmative answer to the question of Ulam for Banach spaces as
follows: If δ > 0 and if f : E → F is a mapping between Banach spaces E and F satisfying
∥∥ f (x+ y) − f (x) − f (y)∥∥ δ
for all x, y ∈ E , then there is a unique additive mapping A : E → F such that
∥∥ f (x) − A(x)∥∥ δ
for all x, y ∈ E .
Thereafter, we call that type the Hyers–Ulam stability.
In the 1960s, S. Gähler [4,5] introduced the concept of linear 2-normed spaces.
Deﬁnition 1.1. Let X be a linear space over R with dimX > 1 and let ‖·,·‖ : X × X → R be a function satisfying the fol-
lowing properties:
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(b) ‖x, y‖ = ‖y, x‖,
(c) ‖αx, y‖ = |α|‖x, y‖,
(d) ‖x, y + z‖ ‖x, y‖ + ‖x, z‖
for all x, y, z ∈ X and α ∈ R. Then the function ‖·,·‖ is called a 2-norm on X and the pair (X ,‖·,·‖) is called a linear
2-normed space. Sometimes the condition (d) called the triangle inequality.
We introduce a basic property of linear 2-normed spaces as follows.
Let (X ,‖·,·‖) be a linear 2-normed space, x ∈ X and ‖x, y‖ = 0 for all y ∈ X . Suppose x = 0 and take y1, y2 linearly
independent (so nonzero) in X . The condition (a) implies that x and y1 are linearly dependent. Thus there exist α1, β1 ∈ R
such that (α1, β1) = (0,0) and α1x+β1 y1 = 0. If β1 = 0, we get α1 = 0. So we have x = − β1α1 y1 = 0, which is a contradiction.
Thus we have β1 = 0 and y1 = −α1β1 x. Similarly, there exist α2, β2 ∈ R such that β2 = 0 and y2 = −
α2
β2
x. Hence y1 and y2
are linearly dependent, which is a contradiction. Therefore we have the following lemma.
Lemma 1.2. Let (X ,‖·,·‖) be a linear 2-normed space. If x ∈ X and ‖x, y‖ = 0 for all y ∈ X , then x = 0.
For a linear 2-normed space (X ,‖·,·‖), the functions x → ‖x, y‖ are continuous functions of X into R for each ﬁxed
y ∈ X as follows.
Remark 1.3. Let (X ,‖·,·‖) be a linear 2-normed space. Note that the conditions (b) and (d) imply that
‖x+ y, z‖ ‖x, z‖ + ‖y, z‖
for all x, y, z ∈ X . Putting w := x+ y, we get ‖w, z‖ ‖x, z‖ + ‖w − x, z‖ for all x, y, z ∈ X . So ‖w, z‖ − ‖x, z‖ ‖w − x, z‖
for all x, z,w ∈ X . Replacing w by x and x by w in the above inequality, we get ‖x, z‖ − ‖w, z‖  ‖x − w, z‖ for all
x, z,w ∈ X . Thus we have
∣∣‖x, z‖ − ‖y, z‖∣∣ ‖x− y, z‖ (1.1)
for all x, y, z ∈ X . Hence the functions x → ‖x, y‖ are continuous functions of X into R for each ﬁxed y ∈ X .
Let (X ,‖·,·‖) be a linear 2-normed space. For x, z ∈ X , let pz(x) := ‖x, z‖. Then, for each z ∈ X , pz is a real-valued
function on X such that pz(x) = ‖x, z‖ 0, pz(αx) = |α|‖x, z‖ = |α|pz(x) and pz(x+ y) = ‖x+ y, z‖ = ‖z, x+ y‖ ‖z, x‖ +
‖z, y‖ = ‖x, z‖ + ‖y, z‖ = pz(x) + pz(y) for all α ∈ R and all x, y ∈ X . Thus pz is a pseudo-norm (or a semi-norm) for each
z ∈ X .
For x ∈ X , let ‖x, z‖ = 0 for all z ∈ X . By Lemma 1.2, x = 0. Thus 0 = x ∈ X implies that there is some z ∈ X satisfying
pz(x) = ‖x, z‖ = 0. Hence the family {pz: z ∈ X } is a separating family of pseudo-norms.
For ε > 0 and z ∈ X , let Uz,ε := {x ∈ X : pz(x) < ε} = {x ∈ X : ‖x, z‖ < ε}. Let S0 := {Uz,ε: ε > 0, z ∈ X } and B0 :=
{⋂F : F is a ﬁnite subcollection of S0}. Deﬁne a topology T on X by saying that a set U is open if and only if for every
x ∈ U there is some N ∈ B0 such that x + N := {x + y: y ∈ N} ⊂ U . That is, T is the topology on X that has as a subbase
the sets {x ∈ X : pz(x − x0) < ε}, z ∈ X , x0 ∈ X , ε > 0. The topology T gives X the structure of topological vector space.
Since the collection B0 is a local base whose members are convex, X is locally convex.
In the 1960s, S. Gähler and A. White [6,10,11] introduced the concept of 2-Banach spaces. In order to deﬁne complete-
ness, the concepts of Cauchy sequences and convergence are required.
Deﬁnition 1.4. A sequence {xn} in a linear 2-normed space X is called a Cauchy sequence if there are two points y, z ∈ X
such that y and z are linearly independent,
lim
m,n→∞‖xn − xm, y‖ = 0 and limm,n→∞‖xn − xm, z‖ = 0.
Deﬁnition 1.5. A sequence {xn} in a linear 2-normed space X is called a convergent sequence if there is an x ∈ X such that
lim
n→∞‖xn − x, y‖ = 0
for all y ∈ X . If {xn} converges to x, write xn → x as n → ∞ and call x the limit of {xn}. In this case, we also write
limn→∞ xn = x.
Triangle inequality implies the following lemma.
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lim
n→∞‖xn, y‖ =
∥∥∥ lim
n→∞ xn, y
∥∥∥
for all y ∈ X .
Proof. Since {xn} is a convergent sequence in the linear 2-normed space X , there is an x ∈ X such that limn→∞ ‖xn−x, y‖ =
0 for all y ∈ X . By (1.1), we have
lim
n→∞
∣∣‖xn, y‖ − ‖x, y‖∣∣ lim
n→∞‖xn − x, y‖ = 0
for all y ∈ X . Hence
lim
n→∞‖xn, y‖ = ‖x, y‖ =
∥∥∥ lim
n→∞ xn, y
∥∥∥
for all y ∈ X . 
Deﬁnition 1.7. A linear 2-normed space in which every Cauchy sequence is a convergent sequence is called a 2-Banach space.
In this paper, we investigate approximate additive mappings, approximate Jensen mappings and approximate quadratic
mappings in 2-Banach spaces. That is, we prove the generalized Hyers–Ulam stability of the Cauchy functional equation
f (x+ y) = f (x) + f (y),
the Jensen functional equation
2 f
(
x+ y
2
)
= f (x) + f (y)
and the quadratic functional equation
f (x+ y) + f (x− y) = 2 f (x) + 2 f (y)
in 2-Banach spaces. This is the ﬁrst result for the stability problem of functional equations in 2-Banach spaces.
2. Approximate additive mappings
Throughout this paper, let X be a normed linear space and Y a 2-Banach space. In 1941, D.H. Hyers [7] obtained the
ﬁrst result on the stability of the Cauchy functional equation. In 1950, T. Aoki [1] generalized the Hyers’ result. It is the ﬁrst
result on the generalized Hyers–Ulam stability problem. In this section, we investigate the generalized Hyers–Ulam stability
of the Cauchy functional equation in 2-Banach spaces.
Theorem 2.1. Let θ ∈ [0,∞), p,q, r ∈ (0,∞) and p + q < 1 and let f : X → Y be a mapping satisfying
∥∥ f (x+ y) − f (x) − f (y), z∥∥ θ‖x‖p‖y‖q‖z‖r (2.1)
for all x, y, z ∈ X . Then there is a unique additive mapping A : X → Y such that
∥∥ f (x) − A(x), y∥∥ θ‖x‖p+q‖y‖r
2− 2p+q (2.2)
for all x, y ∈ X .
Proof. Putting y = x in (2.1), we get ‖ f (2x) − 2 f (x), z‖ θ‖x‖p+q‖z‖r for all x, z ∈ X . So we get∥∥∥∥ f (x) − 12 f (2x), z
∥∥∥∥ θ2‖x‖p+q‖z‖r
for all x, z ∈ X . Replacing x by 2 j x and dividing 2 j , we obtain∥∥∥∥ 12 j f
(
2 jx
)− 1
2 j+1
f
(
2 j+1x
)
, z
∥∥∥∥ 2(p+q−1) j−1θ‖x‖p+q‖z‖r
for all x, z ∈ X and all integers j  0. For all integers l,m with 0 l <m, we get
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(
2lx
)− 1
2m
f
(
2mx
)
, z
∥∥∥∥
m−1∑
j=l
2(p+q−1) j−1θ‖x‖p+q‖z‖r
= 2
(p+q−1)l − 2(p+q−1)m
2− 2p+q θ‖x‖
p+q‖z‖r (2.3)
for all x, z ∈ X . So we get
lim
l,m→∞
∥∥∥∥ 12l f
(
2lx
)− 1
2m
f
(
2mx
)
, z
∥∥∥∥= 0
for all x, z ∈ X . Thus the sequence { 1
2 j
f (2 j x)} is a Cauchy sequence in Y . Since Y is a 2-Banach space, the sequence
{ 1
2 j
f (2 j x)} converges. So one can deﬁne the mapping A : X → Y by
A(x) := lim
j→∞
1
2 j
f
(
2 j x
)
for all x ∈ X . That is,
lim
j→∞
∥∥∥∥ 12 j f
(
2 j x
)− A(x), y
∥∥∥∥= 0
for all x, y ∈ X .
By Lemma 1.6 and (2.1), we get
∥∥A(x+ y) − A(x) − A(y), z∥∥= lim
j→∞
∥∥∥∥ 12 j f
(
2 jx+ 2 j y)− 1
2 j
f
(
2 jx
)− 1
2 j
f
(
2 j y
)
, z
∥∥∥∥
= lim
j→∞
1
2 j
∥∥ f (2 jx+ 2 j y)− f (2 jx)− f (2 j y), z∥∥
 θ‖x‖p‖y‖q‖z‖r lim
j→∞
2(p+q−1) j = 0
for all x, y, z ∈ X . By Lemma 1.2, A(x+ y) − A(x) − A(y) = 0 for all x, y ∈ X . By Lemma 1.6 and (2.3), we have
∥∥ f (x) − A(x), y∥∥= lim
m→∞
∥∥∥∥ f (x) − 12m f
(
2mx
)
, y
∥∥∥∥ θ‖x‖
p+q‖y‖r
2− 2p+q
for all x, y ∈ X .
Now, let B : X → Y be another additive mapping satisfying (2.2). Then we have
∥∥A(x) − B(x), y∥∥= 1
2 j
∥∥A(2 jx)− B(2 jx), y∥∥
 1
2 j
[∥∥A(2 jx)− f (2 j x), y∥∥+ ∥∥ f (2 jx)− B(2 jx), y∥∥]
 2
(p+q−1) j
1− 2p+q−1 θ‖x‖
p+q‖y‖r,
which tends to zero as j → ∞ for all x ∈ X . By Lemma 1.2, we can conclude that A(x) = B(x) for all x ∈ X . This proves the
uniqueness of A. 
Theorem 2.2. Let θ ∈ [0,∞), p,q, r ∈ (0,∞) and p + q > 1 and let f : X → Y be a mapping satisfying
∥∥ f (x+ y) − f (x) − f (y), z∥∥ θ‖x‖p‖y‖q‖z‖r (2.4)
for all x, y, z ∈ X . Then there is a unique additive mapping A : X → Y such that
∥∥ f (x) − A(x), y∥∥ θ‖x‖p+q‖y‖r
2p+q − 2
for all x, y ∈ X .
Proof. Putting y = x in (2.4), we get ‖ f (2x) − 2 f (x), z‖ θ‖x‖p+q‖z‖r for all x, z ∈ X . So we get∥∥∥∥ f (x) − 2 f
(
x
)
, z
∥∥∥∥ θp+q ‖x‖p+q‖z‖r2 2
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2 j
and multiplying 2 j , we obtain
∥∥∥∥2 j f
(
x
2 j
)
− 2 j+1 f
(
x
2 j+1
)
, z
∥∥∥∥ 2
jθ
2(p+q)( j+1)
‖x‖p+q‖z‖r
for all x, z ∈ X and all integers j  0. For all integers l,m with 0 l <m, we get
∥∥∥∥2l f
(
x
2l
)
− 2m f
(
x
2m
)
, z
∥∥∥∥
m−1∑
j=l
2 jθ
2(p+q)( j+1)
‖x‖p+q‖z‖r
= 1
2p+q − 2
[
1
2(p+q−1)l
− 1
2(p+q−1)m
]
θ‖x‖p+q‖z‖r
for all x, z ∈ X . So we get
lim
l,m→∞
∥∥∥∥2l f
(
x
2l
)
− 2m f
(
x
2m
)
, z
∥∥∥∥= 0
for all x, z ∈ X . Thus the sequence {2 j f ( x
2 j
)} is a Cauchy sequence in Y . Since Y is a 2-Banach space, the sequence {2 j f ( x
2 j
)}
converges. So one can deﬁne the mapping A : X → Y by
A(x) := lim
j→∞
2 j f
(
x
2 j
)
for all x ∈ X . That is,
lim
j→∞
∥∥∥∥2 j f
(
x
2 j
)
− A(x), y
∥∥∥∥= 0
for all x, y ∈ X .
The further part of the proof is similar to the proof of Theorem 2.1. 
3. Approximate Jensen mappings
In 1980, G.L. Forti [2] obtained the ﬁrst result on the stability theorem for a class of functional equations including
the Jensen functional equation. It is also the ﬁrst result on the generalized Hyers–Ulam stability of the Jensen functional
equation. In this section, we investigate the generalized Hyers–Ulam stability of the Jensen functional equation in 2-Banach
spaces.
Theorem 3.1. Let θ ∈ [0,∞), p,q, r ∈ (0,∞) and p + q < 1 and let f : X → Y be a mapping satisfying∥∥∥∥2 f
(
x+ y
2
)
− f (x) − f (y), z
∥∥∥∥ θ‖x‖p‖y‖q‖z‖r (3.1)
for all x, y, z ∈ X . Then there is a unique Jensen mapping J : X → Y such that
∥∥ f (x) − J (x), y∥∥ 1+ 3q
3− 3p+q θ‖x‖
p+q‖y‖r (3.2)
for all x, y ∈ X .
Proof. Deﬁne a mapping g : X → Y by
g(x) := f (x) − f (0)
for all x ∈ X . Then g(0) = 0. Since f satisﬁes (3.1), g also satisﬁes (3.1). That is, g satisﬁes the inequality∥∥∥∥2g
(
x+ y
2
)
− g(x) − g(y), z
∥∥∥∥ θ‖x‖p‖y‖q‖z‖r (3.3)
for all x, y, z ∈ X . Letting y = −x in (3.3), we get
∥∥g(x) + g(−x), z∥∥ θ‖x‖p+q‖z‖r
for all x, z ∈ X . Replacing x by −x and y by 3x in (3.3), we get
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for all x, z ∈ X . By the above two inequalities and the triangular inequality, we get
∥∥3g(x) − g(3x), z∥∥ ∥∥g(x) + g(−x), z∥∥+ ∥∥2g(x) − g(−x) − g(3x), z∥∥

(
1+ 3q)θ‖x‖p+q‖z‖r
for all x, z ∈ X . So we get∥∥∥∥g(x) − 13 g(3x), z
∥∥∥∥ 1+ 3
q
3
θ‖x‖p+q‖z‖r
for all x, z ∈ X . Replacing x by 3 j x and dividing 3 j , we obtain∥∥∥∥ 13 j g
(
3 jx
)− 1
3 j+1
g
(
3 j+1x
)
, z
∥∥∥∥ (1+ 3q)3(p+q−1) j−1θ‖x‖p+q‖z‖r
for all x, z ∈ X and all integers j  0. For all integers l,m with 0 l <m, we get
∥∥∥∥ 13l g
(
3lx
)− 1
3m
g
(
3mx
)
, z
∥∥∥∥
m−1∑
j=l
(
1+ 3q)3(p+q−1) j−1θ‖x‖p+q‖z‖r
= 1+ 3
q
3− 3p+q
[
3(p+q−1)l − 3(p+q−1)m]θ‖x‖p+q‖z‖r (3.4)
for all x, z ∈ X . So we get
lim
l,m→∞
∥∥∥∥ 13l g
(
3lx
)− 1
3m
g
(
3mx
)
, z
∥∥∥∥= 0
for all x, z ∈ X . Thus the sequence { 1
3 j
g(3 j x)} is a Cauchy sequence in Y . Since Y is a 2-Banach space, the sequence
{ 1
3 j
g(3 j x)} converges. So one can deﬁne the mapping A : X → Y by
A(x) := lim
j→∞
1
3 j
g
(
3 jx
)= lim
j→∞
1
3 j
f
(
3 jx
)
for all x ∈ X . That is,
lim
j→∞
∥∥∥∥ 13 j g
(
3 jx
)− A(x), y
∥∥∥∥= limj→∞
∥∥∥∥ 13 j f
(
3 jx
)− A(x), y
∥∥∥∥= 0
for all x, y ∈ X . By Lemma 1.6 and (3.4), we have
∥∥g(x) − A(x), y∥∥= lim
m→∞
∥∥∥∥g(x) − 13m g
(
3mx
)
, y
∥∥∥∥ 1+ 3
q
3− 3p+q θ‖x‖
p+q‖y‖r (3.5)
for all x, y ∈ X .
Deﬁne a mapping J : X → Y by
J (x) := A(x) + f (0)
for all x ∈ X . Then we have f (x) − J (x) = g(x) − A(x) and
∥∥ f (x) − J (x), y∥∥= ∥∥g(x) − A(x), y∥∥ 1+ 3q
3− 3p+q θ‖x‖
p+q‖y‖r
for all x, y ∈ X . By Lemma 1.6, we get
∥∥3k A(x) − A(3kx), y∥∥= lim
j→∞
∥∥∥∥3
k
3 j
f
(
3 jx
)− 1
3 j
f
(
3 j+kx
)
, y
∥∥∥∥
= 3k lim
j→∞
∥∥∥∥ 13 j f
(
3 j x
)− 1
3 j+k
f
(
3 j+kx
)
, y
∥∥∥∥
= 3k∥∥A(x) − A(x), y∥∥= 0 (3.6)
for all x, y ∈ X and all k ∈ N. By Lemma 1.2 and (3.6), we get
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for all x ∈ X and all k ∈ N. Putting x = 0 and k = 1 in (3.7), we get 3A(0) = A(0), that is, A(0) = 0. By (3.3), (3.5) and (3.7),
we have
∥∥2A(2x) − 4A(x), y∥∥= ∥∥2A(2x) − A(3x) − A(x), y∥∥
= 1
3k
∥∥2A(3k · 2x)− A(3k · 3x)− A(3kx), y∥∥
 1
3k
[∥∥2A(2 · 3kx)− 2g(2 · 3kx), y∥∥+ ∥∥A(3k+1x)− g(3k+1x), y∥∥
+ ∥∥A(3kx)− g(3kx), y∥∥+
∥∥∥∥2g
(
3k+1x+ 3kx
2
)
− g(3k+1x)− g(3kx), y
∥∥∥∥
]

[
1+ 3q
3− 3p+q
(
2p+q+1 + 3p+q + 1)+ 3p
]
3(p+q−1)kθ‖x‖p+q‖y‖r,
which tends to zero as k → ∞ for all x, y ∈ X . By Lemma 1.2, we obtain
A(2x) = 2A(x)
for all x ∈ X . By (3.3) and (3.7), we get
∥∥∥∥2A
(
x+ y
2
)
− A(x) − A(y), z
∥∥∥∥= limj→∞
1
3 j
∥∥∥∥2g
(
3 jx+ 3 j y
2
)
− g(3 jx)− g(3 j y), z
∥∥∥∥
 θ‖x‖p‖y‖q‖z‖r lim
j→∞
3(p+q−1) j = 0
for all x, y, z ∈ X . By Lemma 1.6, A is a Jensen mapping. Thus we get
2 J
(
x+ y
2
)
= 2A
(
x+ y
2
)
+ 2 f (0) = A(x) + A(y) + 2 f (0) = J (x) + J (y)
for all x, y ∈ X . Hence J is also a Jensen mapping.
Now, let K : X → Y be another Jensen mapping satisfying (3.2). Then we have
∥∥ J (x) − K (x), y∥∥= 1
3 j
∥∥ J(3 jx)− K (3 jx), y∥∥
 1
3 j
[∥∥ J(3 jx)− f (3 jx), y∥∥+ ∥∥ f (3 j x)− K (3 jx), y∥∥]
 1+ 3
q
3− 3p+q 3
(p+q−1) j2θ‖x‖p+q‖y‖r,
which tends to zero as j → ∞ for all x, y ∈ X . By Lemma 1.2, we obtain that J (x) = K (x) for all x ∈ X . This proves the
uniqueness of J . 
Theorem 3.2. Let θ ∈ [0,∞), p,q, r ∈ (0,∞) and p + q > 1 and let f : X → Y be a mapping satisfying f (0) = 0 such that∥∥∥∥2 f
(
x+ y
2
)
− f (x) − f (y), z
∥∥∥∥ θ‖x‖p‖y‖q‖z‖r (3.8)
for all x, y, z ∈ X . Then there is a unique additive mapping A : X → Y such that
∥∥ f (x) − A(x), y∥∥ 1+ 3q
3p+q − 3θ‖x‖
p+q‖y‖r
for all x, y ∈ X .
Proof. By the same argument as in the proof of Theorem 3.1, we get
∥∥3 f (x) − f (3x), z∥∥ ∥∥ f (x) + f (−x), z∥∥+ ∥∥2 f (x) − f (−x) − f (3x), z∥∥

(
1+ 3q)θ‖x‖p+q‖z‖r
for all x, z ∈ X . So we get
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(
x
3
)
, z
∥∥∥∥ 1+ 3
q
3p+q
θ‖x‖p+q‖z‖r
for all x, z ∈ X . Replacing x by x
3 j
and multiplying 3 j , we obtain
∥∥∥∥3 j f
(
x
3 j
)
− 3 j+1 f
(
x
3 j+1
)
, z
∥∥∥∥ 1+ 3
q
3(p+q)( j+1)
3 jθ‖x‖p+q‖z‖r
for all x, z ∈ X and all integers j  0. For all integers l,m with 0 l <m, we get
∥∥∥∥3l f
(
x
3l
)
− 3m f
(
x
3m
)
, z
∥∥∥∥
m−1∑
j=l
1+ 3q
3(p+q)( j+1)
3 jθ‖x‖p+q‖z‖r
= 1+ 3
q
3p+q − 3
[
1
3(p+q−1)l
− 1
3(p+q−1)m
]
θ‖x‖p+q‖z‖r
for all x, z ∈ X . So we get
lim
l,m→∞
∥∥∥∥3l f
(
x
3l
)
− 3m f
(
x
3m
)
, z
∥∥∥∥= 0
for all x, z ∈ X . Thus the sequence {3 j f ( x
3 j
)} is a Cauchy sequence in Y . Since Y is a 2-Banach space, the sequence {3 j f ( x
3 j
)}
converges. So one can deﬁne the mapping A : X → Y by
A(x) := lim
j→∞
3 j f
(
x
3 j
)
for all x ∈ X . That is,
lim
j→∞
∥∥∥∥3 j f
(
x
3 j
)
− A(x), y
∥∥∥∥= 0
for all x, y ∈ X .
The further part of the proof is similar to the proof of Theorem 3.1. 
4. Approximate quadratic mappings
In 1983, F. Skof [8] obtained the ﬁrst result on the stability of the quadratic functional equation. In 1995, G.L. Forti [3]
obtained the result on the stability theorem for a class of functional equations including the quadratic functional equation.
It is also the ﬁrst result on the generalized Hyers–Ulam stability of the quadratic functional equation. In this section, we
investigate the generalized Hyers–Ulam stability of the quadratic functional equation in 2-Banach spaces.
Theorem 4.1. Let θ ∈ [0,∞), p,q, r ∈ (0,∞) and p + q < 2 and let f : X → Y be a mapping satisfying
∥∥ f (x+ y) + f (x− y) − 2 f (x) − 2 f (y), z∥∥ θ‖x‖p‖y‖q‖z‖r (4.1)
for all x, y, z ∈ X . Then there is a unique quadratic mapping Q : X → Y such that
∥∥ f (x) − Q (x), y∥∥ θ‖x‖p+q‖y‖r
4− 2p+q +
1
3
∥∥ f (0), y∥∥ (4.2)
for all x, y ∈ X .
Proof. Putting y = x in (4.1), we get ‖ f (2x) − 4 f (x) + f (0), z‖ θ‖x‖p+q‖z‖r for all x, z ∈ X . So we get∥∥∥∥ f (x) − 14 f (2x) −
1
4
f (0), z
∥∥∥∥ θ4‖x‖p+q‖z‖r
for all x, z ∈ X . Replacing x by 2 j x and dividing 4 j , we obtain∥∥∥∥ 14 j f
(
2 jx
)− 1
4 j+1
f
(
2 j+1x
)− 1
4 j+1
f (0), z
∥∥∥∥ 2(p+q−2) j−2θ‖x‖p+q‖z‖r
for all x, z ∈ X and all integers j  0. For all integers l,m with 0 l <m, we get
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(
2lx
)− 1
4m
f
(
2mx
)− 1
3
(
1
4l
− 1
4m
)
f (0), z
∥∥∥∥
m−1∑
j=l
2(p+q−2) j−2θ‖x‖p+q‖z‖r
= 2
(p+q−2)l − 2(p+q−2)m
4− 2p+q θ‖x‖
p+q‖z‖r (4.3)
for all x, z ∈ X . So we get
lim
l,m→∞
∥∥∥∥ 14l f
(
2lx
)− 1
4m
f
(
2mx
)
, z
∥∥∥∥= 0
for all x, z ∈ X . Thus the sequence { 1
4 j
f (2 j x)} is a Cauchy sequence in Y . Since Y is a 2-Banach space, the sequence
{ 1
4 j
f (2 j x)} converges. So one can deﬁne the mapping Q : X → Y by
Q (x) := lim
j→∞
1
4 j
f
(
2 jx
)
for all x ∈ X . That is,
lim
j→∞
∥∥∥∥ 14 j f
(
2 jx
)− Q (x), y
∥∥∥∥= 0
for all x, y ∈ X .
By Lemma 1.6 and (4.1), we get
∥∥Q (x+ y) + Q (x− y) − 2Q (x) − 2Q (y), z∥∥
= lim
j→∞
∥∥∥∥ 14 j f
(
2 jx+ 2 j y)+ 1
4 j
f
(
2 jx− 2 j y)− 2
4 j
f
(
2 jx
)− 2
4 j
f
(
2 j y
)
, z
∥∥∥∥
= lim
j→∞
1
4 j
∥∥ f (2 jx+ 2 j y)+ f (2 jx− 2 j y)− 2 f (2 jx)− 2 f (2 j y), z∥∥
 θ‖x‖p‖y‖q‖z‖r lim
j→∞
2(p+q−2) j = 0
for all x, y, z ∈ X . By Lemma 1.2, Q is a quadratic mapping. By Lemma 1.6 and (4.3), we have∥∥∥∥ f (x) − Q (x) − 13 f (0), y
∥∥∥∥= limm→∞
∥∥∥∥ f (x) − 14m f
(
2mx
)− 1
3
(
1− 1
4m
)
f (0), y
∥∥∥∥
 θ‖x‖
p+q‖y‖r
4− 2p+q
for all x, y ∈ X . By (1.1), we have
∥∥ f (x) − Q (x), y∥∥ θ‖x‖p+q‖y‖r
4− 2p+q +
1
3
∥∥ f (0), y∥∥
for all x, y ∈ X .
Now, let R : X → Y be another additive mapping satisfying (4.2). Then we have
∥∥Q (x) − R(x), y∥∥= 1
4 j
∥∥Q (2 jx)− R(2 j x), y∥∥
 1
4 j
(∥∥Q (2 jx)− f (2 jx), y∥∥+ ∥∥ f (2 j x)− R(2 jx), y∥∥)
 2
(p+q−2) j+1
4− 2p+q θ‖x‖
p+q‖y‖r + 2
3 · 4 j
∥∥ f (0), y∥∥,
which tends to zero as j → ∞ for all x ∈ X . By Lemma 1.2, we can conclude that Q (x) = R(x) for all x ∈ X . This proves the
uniqueness of Q . 
Theorem 4.2. Let θ ∈ [0,∞), p,q, r ∈ (0,∞) and p + q > 2 and let f : X → Y be a mapping satisfying f (0) = 0 such that
∥∥ f (x+ y) + f (x− y) − 2 f (x) − 2 f (y), z∥∥ θ‖x‖p‖y‖q‖z‖r (4.4)
for all x, y, z ∈ X . Then there is a unique quadratic mapping Q : X → Y such that
202 W.-G. Park / J. Math. Anal. Appl. 376 (2011) 193–202∥∥ f (x) − Q (x), y∥∥ θ‖x‖p+q‖y‖r
2p+q − 4
for all x, y ∈ X .
Proof. Putting y = x in (4.4), we get ‖ f (2x) − 4 f (x), z‖ θ‖x‖p+q‖z‖r for all x, z ∈ X . So we get∥∥∥∥ f (x) − 4 f
(
x
2
)
, z
∥∥∥∥ θ2p+q ‖x‖p+q‖z‖r
for all x, z ∈ X . Replacing x by x
2 j
and multiplying 4 j , we obtain
∥∥∥∥4 j f
(
x
2 j
)
− 4 j+1 f
(
x
2 j+1
)
, z
∥∥∥∥ 4
j
2(p+q)( j+1)
θ‖x‖p+q‖z‖r
for all x, z ∈ X and all integers j  0. For all integers l,m with 0 l <m, we get
∥∥∥∥4l f
(
x
2l
)
− 4m f
(
x
2m
)
, z
∥∥∥∥
m−1∑
j=l
4 j
2(p+q)( j+1)
θ‖x‖p+q‖z‖r
= 1
2p+q − 4
[
1
2(p+q−2)l
− 1
2(p+q−2)m
]
θ‖x‖p+q‖z‖r
for all x, z ∈ X . So we get
lim
l,m→∞
∥∥∥∥4l f
(
x
2l
)
− 4m f
(
x
2m
)
, z
∥∥∥∥= 0
for all x, z ∈ X . Thus the sequence {4 j f ( x
2 j
)} is a Cauchy sequence in Y . Since Y is a 2-Banach space, the sequence {4 j f ( x
2 j
)}
converges. So one can deﬁne the mapping Q : X → Y by
Q (x) := lim
j→∞
4 j f
(
x
2 j
)
for all x ∈ X . That is,
lim
j→∞
∥∥∥∥4 j f
(
x
2 j
)
− Q (x), y
∥∥∥∥= 0
for all x, y ∈ X .
The further part of the proof is similar to the proof of Theorem 4.1. 
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